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Abstract
We study a model of inflation in which a scalar field χ is non-minimally coupled to
Starobinsky’s R2 gravity. After transforming it to the Einstein frame, a new scalar field,
the scalaron φ, will appear and couple to χ with a nontrivial field metric, while χ acquires a
positive mass via the non-minimal coupling. Initially inflation occurs along the φ direction
with χ trapped near its origin by this induced mass. After φ crosses a critical value, it
starts rolling down rapidly and proceeds to damped oscillations around an effective local
minimum determined by the value of χ, while inflation still continues, driven by the χ field
at this second stage where the effect of the non-minimal coupling becomes negligible. The
presence of the damped oscillations during the transition from the first to second stage
of inflation causes enhancement and oscillation features in the power spectrum of the
curvature perturbation. Assuming that the oscillations may be treated perturbatively,
we calculate these features by using the δN formalism, and discuss its observational
implications to large scale CMB anomalies or primordial black hole formation, depending
on the scale of the features.
1 introduction
Inflation is a stage in the early universe during which it has expanded almost exponentially
by a number of e-folds N & 60, which was originally meant to solve several initial condition
problems of the big-bang cosmology such as the initial singularity, horizon and flatness problems
[1–5]. However, it was realized that the most important testable consequence of inflation
is the production of scalar-type and tensor-type cosmological perturbations from quantum
vacuum fluctuations during inflation [6,7]. During inflation, the Hubble horizon H−1 is nearly
a constant, while the quantum fluctuations generated on small scales are stretched out to
superhorizon scales and become frozen, which then re-enter the horizon after inflation and seed
the cosmic microwave background (CMB) anisotropy and the large scale structure (LSS) we
observe today.
In the past two decades, observations have been improved to such a high accuracy that the
observed data not only confirm the predictions of inflation but also can be used to distinguish
different inflation models. For instance, Planck 2015 has not detected any obvious signal
of primordial tensor fluctuations, while the primordial scalar spectrum is red-tilted, with the
scale-invariant Harrison-Zeldovich spectrum already excluded at 5.6σ confidence level [8], which
consequently excluded the φ2 chaotic inflation model. According to the analysis of the inflation
models, the concave potential is favored [9]. Especially, Starobinsky’s R2-inflation [4] predicts
the tensor-to-scalar ratio r ∼ 1/N2 and the spectral tilt ns ∼ (1−1/N), and sits right near the
sweet spot of the Planck r-ns contour [36].
Recently the possibility of detecting the effects of new particles during inflation has at-
tracted much attention. Although the quasi-exponential expansion may be driven by a single
scalar field, the inflaton, it is plausible that there are other fields that play some secondary
but non-trivial roles during inflation. In string theory or supersymmetry/supergravity such
scalar fields seem to be ubiquitous during inflation. Light scalar fields (m ≪ H) may modify
the inflationary trajectory in a non-trivial way [10]. If they are heavy, the inflationary tra-
jectory will not change at leading order, but they can leave detectable signals on the power
spectrum/bispectrum/trispectrum/etc. To the leading order, the heavy fields can be integrated
out [12, 13], which gives us an effective single field with a non-trivial speed of sound, like k-
inflation [11]. Besides, “nonlocal” effects will produce some oscillatory features on the power
spectrum/bispectrum [15,16], which can be viewed as imprints of heavy fields.In these models,
the inflaton usually rolls down from a high plateau to a valley, and begins to oscillate around
the bottom of the valley as it slowly moves along the valley. These oscillations correspond to
the excitations of heavy fields.
In most cases the potential for a heavy field is assumed to be quadratic, (1/2)M2φ2. A
heavy field with a general φp-potential has been studied in [17]. An interesting extension is
to consider the scalaron of the Starobinsky model with a potential (M/2)2(1 − e−φ/MPl)2 as a
heavy field. The Starobinsky model can originate from higher order curvature correctons to the
Einstein-Hilbert action at high energy scales [18]. This has motivated us to study the physics
of scalar fields in R2-gravity.
A scalar field χ in R2-gravity will have a non-trivial kinetic term coupled to the scalaron
φ [19] when transformed to the Einstein frame. If we set its potential to be flat, inflation will
firstly occur from the R2-gravity induced scalaron potential plateau, and then the scalaron rolls
down to its effective local minimum determined by χ, say φ = φ(χ), where φ becomes sufficiently
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heavy. Inflation continues as χ rolls down its effective potential Veff(χ) = V (χ, φ(χ)). Such kind
of models have been studied by analytical or numerical methods in for instance [20–28], and it
has been shown that the scalar field with non-canonical kinetic term may generate interesting
feature signals.
In this paper we consider the case where the scalaron undergoes damped oscillations after
it has become heavy. The oscillations around the leading order trajectory are treated as a
classical perturbation, and the corrections to the power spectrum of the curvature perturbation
are derived analytically. Whether the transition from the φ-domination to the χ-domination
occurs early or late during inflation gives us different observational outcomes. If the transition
happens right before the current horizon scale leaves the horizon, the oscillations from the
transition would generate features on the large angular scale CMB anisotropy. On the other
hand, if the transition occurs late, i.e. if the scale that left the horizon at the time of transition
is far below the CMB and LSS scales, we do not have any stringent observational constraints on
the transition and the subsequent stage of inflation. In this case, an interesting possibility is the
generation of primordial black holes (PBHs) when the modes which exit the horizon reenter.
In our mode there will be a near monochromatic PBH mass function, which may account for
the cold dark matter of the current Universe.
This paper is organized as follows. In Section 2 we introduce our model based on the
considerations above. We then calculate the background evolution and clarify the possible
range of the model parameters. In Section 3 we calculate the power spectrum of the curvature
perturbation by using the δN formalism. We then discuss the possible observational impacts
on the CMB anisotropy and PBH production in Section 3.1 and Section 3.2, respectively. In
Appendix A , we give useful relations between the Hubble parameter H at a couple of epochs
during inflation and the Hubble constant today, H0. In Appendix B, we derive a formula for
the PBH mass in terms of relevant e-folding numbers.
2 Set up and the Background Evolution
We consider the action of Starobinsky’s R2 gravity with a non-minimally coupled scalar in the
Jordan frame,
SJ =
∫
d4x
√−g
{
M2Pl
2
(
R +
R2
6M2
)
− 1
2
gµν∂µχ∂νχ− V (χ)− 1
2
ξRχ2
}
. (2.1)
This is a special case of f(R) gravity with
f(R) = R +
R2
6M2
− ξR χ
2
M2Pl
, F (R) =
∂f
∂R
. (2.2)
We will follow [29], and define a new field φ = MPl
√
3/2 lnF , while the conformal transforma-
tion g˜µν = Fgµν can transfer the action (2.1) to the one in Einstein frame,
SE =
∫
d4x
√
−g˜ ·
{
M2Pl
2
R˜− 1
2
g˜µν∂µφ∂νφ− 1
2
e
−
√
2
3
φ
MPl g˜µν∂µχ∂νχ
− 3
4
M2M2Pl
(
1− e−
√
2
3
φ
MPl + e
−
√
2
3
φ
MPl ξ
χ2
M2Pl
)2
− e−2
√
2
3
φ
MPl V (χ)
}
.
(2.3)
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From now on we will work only in the Einstein frame, and assume the Friedmann-Lemaitre-
Robertson-Walker metric g˜µν = diag(−1, a2, a2, a2), where a(t) is the scale factor. We take the
variation of (2.3) with respect to g˜µν , φ and χ, and obtain the Friedmann equation as well as
the equations of motion for φ and χ [19]:
3M2PlH
2 =
1
2
φ˙2 + F−1
1
2
χ˙2 +
3
4
M2M2Pl
[
1− F−1
(
1− ξ χ
2
M2Pl
)]2
+ F−2V (χ), (2.4)
φ¨+ 3Hφ˙+
√
3
2
M2MPlF
−1
{
1− ξ χ
2
M2Pl
+
χ˙2
3M2M2Pl
− F−1
[(
1− ξ χ
2
M2Pl
)2
+
4V
3M2M2Pl
]}
= 0,
(2.5)
χ¨+
(
3H −
√
2
3
φ˙
MPl
)
χ˙+ 3M2
[
1− F−1
(
1− ξ χ
2
M2Pl
)]
ξχ+ F−1V ′(χ) = 0, (2.6)
where H ≡ a˙/a is the Hubble parameter, and F = e
√
2/3φ/MPl is the conformal factor we
use to define the scalaron φ. During the first stage of inflation, φ is large, so because of the
suppression of the F−1 factor, the energy density is dominated by the potential of φ, which is
nearly a constant (3/4)M2M2Pl. We suppose χ can also drive inflation when φ has been trapped
in its VEV. So we also set the potential of χ be concave. The simplest version of a concave
potential may be the upside-down parabola,
V (χ) = V0 − 1
2
m2χ2 + · · · , (2.7)
where the dots represent the terms in higher powers of χ that make V (χ) bounded from below,
and terminate inflation at some non-zero vacuum expectation value χv. We do not need them
here since during the inflationary era, we mainly focus on the phenomenon of the regime near
χ = 0. Hence, higher-order terms are irrelevant.
At the first stage, the potential of φ dominates the energy density, thus drives inflation.
And the energy density contributed by the χ-part is nearly a constant. The Hubble parameter,
after neglecting the kinetic terms for χ, is
H2 ≈ M
2
4
[(
1− e−
√
2
3
φ
MPl
)2
+ e
−2
√
2
3
φ
MPl
4
µ2
+
(
2ξ
(
e
−
√
2
3
φ
MPl − e−2
√
2
3
φ
MPl
)
− e−2
√
2
3
φ
MPl
2m2
3M2
)(
χ
MPl
)2]
. (2.8)
where µ is defined as the mass M divided by the Hubble parameter when φ→ 0,
µ2 ≡ 3M
2M2Pl
V0
, (2.9)
which is a key parameter in our model. The Hubble parameter is just M/2 when φ is large
(F ≫ 1) in the first stage of inflation driven by φ. For our model of small-field inflation at the
second stage, we have χ/MPl ≪ 1, which as well as ξ ≪ 1 and m ≪ M guarantees that the
3
second line in (2.8) is negligible compared to the first line. This means H depends solely on φ
at leading order during the first stage.
Based on the same estimation and under the slow-roll condition, the equations of motion
(2.6) and (2.6) reduce to the following forms, respectively
3Hφ˙ = −
√
3
2
e
−
√
2
3
φ
MPl
(
1− e−
√
2
3
φ
MPl
(
1 +
4
µ2
))
M2MPl, (2.10)(
3H −
√
2
3
φ˙
MPl
)
χ˙+ 3M2e
−
√
2
3
φ
MPl
[
ξ
(
e
√
2
3
φ
MPl − 1
)
− m
2
3M2
]
χ = 0. (2.11)
Here we see that there are no φ-χ coupling terms in (2.10) as they are controlled by O(ξ). This
simplifies the equations and makes φ only depend on itself, which then sources χ. We define
the e-folding number,
N =
∫ t∗
t
Hdt , (2.12)
as the new time variable. Note that it is counted backwards in time, so that dN = −Hdt. The
upper limit for the integral t∗ is fixed at the end of the first stage, which is defined as the epoch
when the φ field stops slow rolling, |φ¨/(Hφ)|t∗ = 1. Therefore, after changing the time variable
in (2.10) and (2.11) to N , we have
1
MPl
dφ
dN
= 2
√
2
3
F−1 − F−2
(
1 + 4
µ2
)
1− 2F−1 + F−2
(
1 + 4
µ2
) , (2.13)
1
MPl
dχ
dN
=
4
[
ξ(1− F−1)− F−1 m2
3M2
]
1− 14
9
F−1 + 5
9
F−2
(
1 + 4
µ2
) χ
MPl
. (2.14)
We note that (2.13) only depends on φ, which can be easily integrated,
e
√
2
3
φ
MPl − e
√
2
3
φ∗
MPl −
√
2
3
φ− φ∗
MPl
+
4
µ2
ln
e
√
2
3
φ
MPl − 1− 4/µ2
e
√
2
3
φ∗
MPl − 1− 4/µ2
=
4
3
(N −N∗). (2.15)
The solution φ(N) is the inverse function of the relation above, which can be approximated as
φ =MPl
√
3
2
ln
(
4
3
(N −N∗) + F∗
)
, (2.16)
when φ is large. Here the suffix ∗ denotes the epoch when the first slow-roll stage ends and the
oscillatory stage begins, at which |φ¨/(Hφ)| = 1. We have
φ¨
Hφ˙
= −d
2φ/dN2
dφ/dN
− d
dN
lnH =
4
3
· (F − 1)
3µ4 − 4(2F 2 − 3F + 2)µ2 − 16
[(F − 1)2µ2 + 4]2 . (2.17)
We show this ratio in Fig. 1, where for µ . 8.955, φ¨/(Hφ˙) never exceeds 1 and the slow-roll
condition for φ is violated later at φ¨/(Hφ˙) = −1, after which φ starts oscillating. This is
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because when µ is small, the effective potential in the large φ region is not steep enough to
violate the slow-roll condition before φ starts to oscillate. We will focus on this range of µ for
simplicity. Note that, at this point φ∗ is still larger than the effective vacuum value, where
φ¨+3Hφ˙ ≃ 0. Set φ¨/(Hφ˙) = −1, we can see that F∗(µ) is the solution of an algebraic equation,
whose solution can be approximated by
F∗(µ) ≃ 1.184 + 1.969
µ
. (2.18)
The accuracy in the parameter space we are interested in is almost perfect as is shown in Fig. 1.
This relation (2.18), together with its derivative (2.13) at φ∗,
1
MPl
dφ
dN
∣∣∣∣
φ=φ∗
=
4
3
√
3
2
F∗ − 1− 4µ2
F 2∗ − 2F∗ + 1 + 4µ2
(2.19)
are the initial conditions for the evolution of φ in the second stage.
Now we turn to discuss the motion of χ. We can see the non-minimal coupling to χ keeps
the initial condition of χ at the beginning of the second stage be small. From (2.14), we know
that the right hand side is proportional to ξ(F − 1) − m2/(3M2) if we neglect the smaller
χ3-term. Then for large N , F ≫ 1, and the r.h.s. of (2.14) can be estimated by ξF , and thus
positive, while for small N , F ≃ 1, it is left with −m2/(3M2) and negative. This means that
χ decreases in the early stage, while it increases at later time with a small initial condition
guaranteed by its evolution earlier. The critical value for χ to start increasing can be achieved
by requiring the r.h.s. of (2.14) to vanish,
φc
MPl
=
√
3
2
ln
(
1 +
m2
3M2ξ
)
. (2.20)
For simplicity, we require that this critical value φc is larger than φ∗, so that χ will stay around
χ = 0 at the end of the first stage, and will drive the following small-field inflation by χ later.
The condition that φ∗ . φc gives us a constraint on ξ,
ξ .
m2
3M2 (F∗(µ)− 1) . (2.21)
From (2.18), for µ ∼ O(1), we have F∗(µ) ∼ O(1). Hence, under the assumption that m≪M ,
this implies a very small ξ which we will discuss in more details later.
We can integrate (2.14) to get the slow-roll solution for χ, which gives
χ
χ∗
≃ 1 + 3ξ(F − F∗) +
2
(
m
M
)2
+ 4
3
ξ√
45/µ2 − 1
(
arctan
9F − 7
2
√
45/µ2 − 1 − arctan
9F∗ − 7
2
√
45/µ2 − 1
)
+
(
12ξ
µ2
− m
2
M2
)
ln
F − 1− 4/µ2
F∗ − 1− 4/µ2 −
2
3
ξ ln
9F 2 − 14F + 5 + 20/µ2
9F 2∗ − 14F∗ + 5 + 20/µ2
+ · · · , (2.22)
where the dots are terms of higher order in ξ and (m/M)2. We have already set the condition
(2.21), which means χ already starts rolling down its potential towards the large-field direction
at χ∗. However as ξ and (m/M)
2 are both very small (we will see that they are of order slow-roll
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Figure 1: Left: The dependence of φ for φ¨
Hφ˙
at the first stage for different µ values. We see that
for small µ, slow-roll condition of φ breaks down at φ¨/(Hφ˙) = −1. Right: The critical point
φ∗ when
φ¨
Hφ˙
= 1. The green curve is the exact solution while the dotted curve is the fitting
(2.18). The dashed line dummed φg is the effective vacuum of φ at the second stage where it
will be attracted to after the slow-roll condition is violated, thus the displacement between φ∗
and φg is the initial amplitude for the oscillations.
parameters in the following), we can neglect the background evolution of χ at the first stage
when φ dominates inflation, so that the endpoint of the first stage depends solely on φ. Using
the δN -formalism, the curvature perturbation for the first stage1 can be calculated as
PR = N2,φ〈δφ2〉 =
3H2
32π2M2Pl
(
1− 2F−1 + F−2 (1 + 4/µ2)
F−1 + F−2 (1 + 4/µ2)
)2
=
3M2
128π2M4Pl
(1− 2F−1 + F−2 (1 + 4/µ2))3
(F−1 + F−2 (1 + 4/µ2))2
,
=
V0
24π2M4Pl
(
3
16
µ2
)
(1− 2F−1 + F−2 (1 + 4/µ2))3
(F−1 + F−2 (1 + 4/µ2))2
, (2.23)
where the r.h.s. is evaluated at horizon crossing when Nk = ln(k/Hk), and F ≡ exp
(√
2
3
φ
MPl
)
.
The slow-roll parameters at this stage are
ǫ
(1)
H =
4
3
(F − (1 + 4/µ2))2
(F 2 − 2F + (1 + 4/µ2))2 , (2.24)
η
(1)
H =
8
3
F (F 2 − 2F (1 + 4/µ2) + (1 + 4/µ2))
(F 2 − 2F + (1 + 4/µ2))2 (2.25)
At leading order we can take the logarithmic approximation (2.16) that F = (4/3)(N−N∗)+F∗,
which gives the simple relation of ǫ and η depending only on N −N∗ (and weakly on µ too).
1The first stage is defined as the epoch when φ > φ∗, where φ∗ can be approximately given from the relation
(2.18).
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Figure 2: The numerical solutions of φ and χ moving on the effective potential Veff (left) and
in the field space (right), where we have chosen the parameters as µ2 = 30, M/m = 20 and
ξ = 0.001. The initial conditions are taken as φ(N0) = 5MPl, χ(N0) = 0.005MPl, φ
′(N0) =
0.001MPl, χ
′(N0) = 5× 10−5MPl, where N0 = 60, counted backwards from the end of inflation
where Ne = 5.
After φ passes the point φ∗, the energy density of the universe is dominated by the χ-field,
so that the relation (2.15) no longer holds. We expect that at this stage, φ-field will roll down
the effective potential and get trapped in its local minimum. If its effective mass is small, the
trapping process is overdamped. On the other hand, for a large effective mass, we can expect
φ to undergo damped oscillations around its locally determined minimum φg, or the vacuum
expectation value (VEV) determined by χ.
In [12], the case that φ is trapped in its local minimum is studied, while an effective DBI-like
action for χ emerges after integrating out φ. This leads to the effective field theory method
in the literature [13]. Here we use a similar method, but take into account the oscillations as
perturbations to its VEV, for which the initial conditions are set at the moment of transition
N∗. Namely, the initial amplitude of the oscillation around the local minimum point φg, is given
by ∆φ∗ = φ(N∗)− φg(N∗). φ will then oscillate around φg with decaying amplitude, while the
frequency is determined by its effective mass. The numerical solution for the equations of
motion of φ and χ is depicted in Fig.2. As can be seen from this figure, in the second stage,
φ-field rolls down the effective potential, then gets trapped in its local minimum point φg and
begins to oscillate around it. We will show our analytical result for the oscillation period later.
Let us first calculate φg, i.e. the background trajectory in the absence of the oscillations.
The effective potential for φ is
Veff(φ) = e
−
√
2
3
φ
MPlX +
3
4
M2M2Pl
[
1− e−
√
2
3
φ
MPl
(
1− ξ χ
2
M2Pl
)]2
+ e
−2
√
2
3
φ
MPl V (χ), (2.26)
where X = −(1/2)gµν∂µχ∂νχ, and χ is assumed to be sufficiently slowly varying. Assuming
that the effective mass of the φ field is large compared to the Hubble parameter, we can
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immediately find the minimum of the effective potential,
φg
MPl
=
√
3
2
ln
(
1− ξ χ
2
M2Pl
)2
+
4V (χ)
3M2M2Pl
1− ξ χ
2
M2Pl
+
2X
3M2M2Pl
. (2.27)
Substitute this back into (2.3), we obtain the effective action for the χ field,
Sg =
∫
d4x
√−g


M2Pl
2
R +
X
(
1− ξ χ
2
M2Pl
)
+
X2
3M2M2Pl
− V (χ)(
1− ξ χ
2
M2Pl
)2
+
4V (χ)
3M2M2Pl


. (2.28)
This is in the form of an effective action, f(χ)X + g(χ)X2 + V (χ), a spectial type of k-
inflation [11]. However, as we focus on the case of slowly rolling χ, we do not take into account
the non-trivial form of the kinetic term. We leave the study of k-inflation for future work.
From the effective action (2.28), under the slow-roll approximation, the Friedmann equation
is deduced as follows
3M2PlH
2
g =
V (χ)(
1− ξ χ
2
M2Pl
)2
+
4V (χ)
3M2M2Pl
. (2.29)
We note that Hg in (2.29) coincides with the Hubble parameter for the first stage (2.8) in the
limit F → F (φg) where φg is given by (2.27), although (2.8) is only valid for F > F∗ > F (φg).
The equation of motion for χ is[(
1− ξ χ
2
M2Pl
)2
+
4V
3M2M2Pl
]
(χ¨+ 3Hχ˙)+
(
1− ξ χ
2
M2Pl
)2
V,χ+
4ξχV
M2Pl
(
1− ξ χ
2
M2Pl
)
= 0. (2.30)
Under the slow-roll condition for χ, we can neglect the χ¨-term. After changing the time variable
to the e-folding number N defined in (2.12), the equation above reduces to the following form
dχ
dN
= M2Pl
(
1− ξ χ
2
M2Pl
)2
V ′(χ)
V (χ)
+ 4ξχ
(
1− ξ χ
2
M2Pl
)
. (2.31)
We know from (2.21) that ξ . m
2
2M2
, which, together with χ ≪ MPl in small field inflation
tells us that we can neglect the terms involving ξ in (2.31). Hence, for a concave potential
V = V0 − 12m2χ2, the slow-roll solution for the second stage is
χ = χ∗ exp
[
−m
2M2Pl
V0
(N −N∗)
]
= χ∗e
−
η
(2)
H
2
(N−N∗), (2.32)
where η
(2)
H is the slow-roll parameter in the second stage defined from (2.30):
ǫ
(2)
H ≡ −
H˙g
H2g
=
1
2M2Pl
(
dχ
dN
)2
1
1 + 4/µ2
=
m4M2Pl
2V 20
χ2
1 + 4/µ2
=
η
(2)
H
2
8
(χ/MPl)
2
1 + 4/µ2
. (2.33)
η
(2)
H ≡
ǫ˙
(2)
H
Hgǫ
(2)
H
= −d ln ǫ
(2)
H
dN
=
2m2M2Pl
V0
. (2.34)
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From (2.34), it is obvious that ǫ
(2)
H is much smaller than η
(2)
H as it is of order η
(2)
H
2. Therefore,
the spectral index
ns − 1 = −2ǫ(2)H − η(2)H (2.35)
is mainly determined by the η
(2)
H term, which gives η
(2)
H ∼ 0.04 for the current observation data if
the pivot scale leaves the horizon during the χ-dominated stage [8]. This indicates ǫ
(2)
H < 0.0002,
which is consistent with the observational bound ǫ
(2)
H . 0.006 given by the constraint from the
tensor-to-scalar ratio r = 16ǫ
(2)
H . 0.1. Note that if k∗ is small and not in the range for CMB
and LSS observations, then we do not have any strict constraints for ǫ
(2)
H and η
(2)
H in principle.
Another quantity to be estimate is the upper limit of ξ given in (2.21). Comparing (2.34) to
(2.21), we obtain
ξ .
η
(2)
H
µ2 (F∗(µ)− 1) . (2.36)
So we derive that ξ . η
(2)
H /(µ)
2 ∼ 0.01. This justifies why we may neglect the ξ-terms in (2.31).
As we discussed before, φ is not equal to φg at the beginning. It rolls down to it from the
plateau, and start to oscillate around φg. We set φ = φg + ∆φ, where the amplitude of the
oscillation ∆φ is small enough so that it can be treated as a perturbation. The initial amplitude
is given by ∆φ(N∗) = φ∗ − φg, where φ∗ is the value at which the first slow-roll stage ends.
Then we have S = Sg +∆S, where
∆S =
∫
d4x
√−g


−1
2
(∂∆φ)2 − 3
4
M2M2Pl
(
1− e−
√
2
3
∆φ
MPl
)2
(
1 +
2X
3M2M2Pl
)2
1 +
4V
3M2M2Pl


. (2.37)
The e.o.m. for ∆φ is then
∆¨φ+ 3H∆˙φ+
√
3
2
M2MPl
(
1− e−
√
2
3
∆φ
MPl
)
e
−
√
2
3
∆φ
MPl
(
1 +
2X
3M2M2Pl
)2
1 +
4V
3M2M2Pl
= 0. (2.38)
Changing the time variable to the e-folding number N , neglecting the slow-roll suppressed
terms, (2.38) reduces to the following form
d2
dN2
∆φ
MPl
− 3 d
dN
∆φ
MPl
+
√
3
2
µ2
(
1− e−
√
2
3
∆φ
MPl
)
e
−
√
2
3
∆φ
MPl = 0. (2.39)
This is a second-order differential equation for nonlinear oscillation. The analytical result can
only be found when the initial amplitude
∆φ(N∗) = φ∗ − φg =MPl
√
3
2
ln
F∗(µ)
1 + 4/µ2
, (2.40)
is sufficiently smaller than MPl. Hence, we can treat ∆φ as a small quantity, and approximate
(2.39) by the corresponding linear equation:
d2
dN2
∆φ
MPl
− 3 d
dN
∆φ
MPl
+ µ2
∆φ
MPl
= 0. (2.41)
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The continuity of the first derivative of the φ field is that ∆φ′(N∗) equals to φ
′(N∗) in the first
stage given in (2.19). Together with the matching conditions (2.40) and (2.19) we obtain
∆φ
MPl
= e
3
2
(N−N∗)
√
3
2
ln
F∗(µ)
1 + 4
µ2
√
1 + Υ2 cos
[√
µ2 − 9
4
(N −N∗) + arctanΥ
]
, (2.42)
where F∗(µ) is given in (2.18) and
Υ =
1√
µ2 − 9/4
[
3
2
− 4
3
F∗ − 1− 4/µ2
F 2∗ − 2F∗ + 1 + 4/µ2
(
ln
F∗
1 + 4/µ2
)−1]
. (2.43)
From the “frequency” term in (2.42), in order for the oscillations to happen, µ > 3/2 is required,
which gives the lower bound of µ. This analytical solution (2.42) can be compared with the
numerical solutions depicted in Fig.2.
3 Perturbation and the Features on the Power Spectrum
We use the δN formalism [33] to calculate the power spectrum of the curvature perturbation
at the second stage when χ dominates the energy density. Here we have
R = δN = N,χδχ +N,φδφ+ · · · . (3.1)
N,φ is much smaller than N,χ, since φ only vibrates around its fixed trajectory φg. Besides, the
contribution to the curvature perturbation from 〈δφ〉 is suppressed by e−piµ/2 at the horizon
crossing and is negligible [34]. Therefore in this second stage, the curvature perturbation
is mainly contributed by the fluctuations of χ. However, there are corrections coming from
the oscillating background of φ via the Hubble parameters, slow-roll parameters, and, most
importantly, the φ˙-χ˙ coupling. Under the slow-roll approximation, (2.5) reduces to the following
form
3H
(
1− 1
3
√
2
3
φ˙
HMPl
)
χ˙+ e
−
√
2
3
φ
MPl V ′(χ) = 0. (3.2)
Changing the variable to N , and using the Friedmann equation (2.29), we obtain(
1 +
1
3
√
2
3
1
MPl
dφ
dN
)
dχ
dN
=M2Ple
−
√
2
3
∆φ
MPl
V ′(χ)
V (χ)
. (3.3)
If the dynamical coupling is small compared to the background evolution of χ, we can treat
the dφ/dN term as well as its derivative as a small quantity and find the linearized equation:
d lnχ
dN
= −η
(2)
H
2
(
1−
√
2
3
∆φ
MPl
− 1
3
√
2
3
1
MPl
dφ
dN
)
, (3.4)
where η
(2)
H is the second slow-roll parameter defined by (2.34). This equation can be easily
solved, which gives the inverse N(χ) relation as
N0 −N = 2
η
(2)
H
ln
χ
χ0
+
√
2
3
∫ N
N0
∆φ
MPl
dN +
1
3
√
2
3
φ− φ0
MPl
, (3.5)
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where N0 is a reference e-folding number and φ0 = φ(N0). Then, we take the derivative of N
with respect to χ, and obtain the linearized result
∂N
∂χ
= − 2
η
(2)
H χ
(
1 +
√
2
3
∆φ
MPl
+
1
3
√
2
3
d
dN
∆φ
MPl
)
. (3.6)
From the action (2.3), it is obvious that the canonical field is not χ, but χˆ = F−1/2χ. This
gives a normalization factor in the amplitude of the quantum flactuation of χ:
〈δχδχ〉 = F 〈δχˆδχˆ〉 = e
√
2
3
φ
MPl
(
H
2π
)2
≈
(
1 +
4
µ2
)(
1 +
1
2
√
2
3
∆φ
MPl
)2(
H
2π
)2
. (3.7)
Therefore the power spectrum of the curvature perturbation on the superhorizon scale is
PR =
(
∂N
∂χ
)2
〈δχδχ〉,
= P(0)
R
{
1− 1
3
e
3
2
(N−N∗) ln
F∗
1 + 4
µ2
√
1 + Υ2
[
ω sin
(
ω(N −N∗) + tan−1Υ
)
− 6 cos (ω(N −N∗) + tan−1Υ)]}2 , (3.8)
where P(0)
R
is the power spectrum from the background energy density:
P(0)
R
≡ H
2
8πǫ
(2)
H M
2
Pl
≈ V0
24π2M2Pl
(
MPl
χ∗
)2
8
η
(2)
H
2
e
η
(2)
H
2
(N−N∗), (3.9)
with ǫ
(2)
H defined in (2.33), η
(2)
H defined in (2.34), and H given in (2.29). Note that all the
quantities are calculated at the moment of horizon-crossing when k = Hkak, which gives
PR
P(0)
R
=
{
1 +
1
3
(
k∗
k
) 3
2
ln
F∗
1 + 4
µ2
√
1 + Υ2
[
ω sin
(
ω ln
k
k∗
+ tan−1Υ
)
+6 cos
(
ω ln
k
k∗
+ tan−1Υ
)]}2
, (3.10)
where F∗ is given in (2.18), Υ is defined in (2.43), and the frequency of the oscillation is
ω =
√
µ2 − 9/4.
3.1 Large Scale Anomaly in CMB anisotropies
We depict the power spectrum and the corresponding CMB angular spectrum in Fig. 3. The
key characteristic of the power spectrum is that there is a huge enhancement at around the
scale of k∗, which is of order (η
(2)
H )
−2(MPl/χ∗)
2. Then the spectrum begins oscillating, with
the amplitude of the corrections of order 10 to 102, depending sensitively on µ. The correction
is so large that K∗ is only possible to appear on the scales larger, or smaller than the range
detected by CMB or LSS. For the former possibility, we draw on the right panel of Fig. 3 the
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Figure 3: Left: The oscillation features in the power spectrum for the curvature perturbation
with different values of µ. The result is robust in other parameters as we can see in (3.10). A
huge enhancement of (η
(2)
H )
−2 has appeared around the junction of the two stages k∗. In this plot
we choose MPl/(η
(2)
H χ∗) = 200. Right: CMB temperature anisotropy when the fluctuation with
wavenumber k∗ is right outside our observable universe today, which is set to k∗ = 10
−4 Mpc−1.
CMB temperature anisotropy in case when 1/k∗ is right beyond the largest observable scale,
say k∗ ∼ 10−4 Mpc−1. We see that CTT oscillates at around l < 20, which is possible to explain
the low-l anomaly on the CMB anisotropies.
We can see that this is different from the oscillation amplitude generated by a massive
field with a power-law potential during inflation [16, 17]. There is no slow-roll suppression for
the amplitude in our model because of the φ˙-χ˙ coupling, which originates from the non-trivial
metric induced by the R2-gravity. Such a coupling which is absence in Einstein theory will
contribute an extra friction term of order M to the equation of motion for χ, and amplifies the
correction in the final power spectrum.
3.2 Primordial Black Holes as Dark Matter
Another possible application is when the transition happens late in inflation, which means
the large scale observational data are mainly contributed by the first stage of inflation. This
will make the enhancement of power spectrum at a very small scale beyond the CMB or LSS
observations, where there is basically only very loose constraint [39]. However, in this case
primordial black holes may be generated when the scales with wavenumber around k∗ re-enter
the horizon, if the power spectrum of the density perturbation has exceeded some threshold
δc ∼ 0.45 [40–43]. The primordial black holes can be the candidates of a part or all of the
dark matter [44–46], which have attracted much attention especially after the detection of
gravitational waves [47] [48]. If we assume this re-entry happens during the radiation dominated
epoch, the mass of the primordial black hole generated for a fluctuation which leaves the horizon
∆N1 efolds after the pivot scale horizon-exit is
∆N1 ≃ 41− 1
2
ln
(
MPBH
1016 g
)
+
1
2
lnµ. (3.11)
See Appendix B for the derivation and discussion of (3.11). Setting the mass spectrum to peak
at the possible windows in the PBH mass fraction, we can connect the e-folding number of the
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Figure 4: Left: The constraints on the primordial black hole mass density contrast to the dark
matter density f(M) = ΩPBH/ΩCDM from [50], with f(M) derived in our model (blue sharp
peak). We choose µ = 8, PR(0) = 8.9 × 10−4, δc = 0.45, and ∆N1 = 37, which corresponds
to the peak of f = 0.73 at 2.8 × 1020 g. We see that it is monochromatic since its width is
∆ lnM ∼ 0.1. The red dotted curve shows the weakened constraint of Subaru HSC because
of the wave effect [49–51]. Right: The tensor-to-scalar ratio (r) vesus spectral tilt (ns), with
dependence on the e-folding numbers endured in the first stage of inflation. When e-folding
number of the first stage decreases, the spectral tilt will also decrease. We draw especially
the interesting cases for N1 = 42 ∼ 41(red dots), 39 ∼ 34 (green dots) and 22 ∼ 19 (left
beyond the frame), which correspond to the mass of PBH 1016 ∼ 1017 g, 1019 ∼ 1023 g, and
1 ∼ 103M⊙, respectively. The black dot is our model with ∆N1 = 60, while the bigger gray dots
are ∆N1 = 60, 42, 39, 22 (from right to left) in the original R
2-inflation. The shaded contours
at 1, 2, and 3-σ confidence level from BICEP2/Keck Array and Planck joint analysis [36, 37].
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first stage with the position of the peak on the PBH mass. The height of the peak is determined
by both the enhancement of the power spectrum and the first oscillation peak of it, which can
be tuned by the parameters and made large enough to generate adequate PBHs as dark matter.
The width for the peak can be estimated by ∆ lnM ∼ ∆N ∼ 1/µ, which is of order 0.1 in our
model, thus it is reasonable to use the monochromatic assumption. In these cases, we can go
back to (2.24) and (2.25) to depict the tensor-to-scalar ratio and the spectral tilt for different
N1, inspired by possible masses of the peaks for the PBH fraction as dark matter. Especially,
recent study on the wave effect implies there is no lensing magnification on the Subaru Hyper
Supreme-Cam (HSC) constraint, which opens the “window” for the PBH mass fraction as dark
matter at around 1019 g to 1023 g [49–51]. This provides possibility that PBHs can be the
candidate for all the dark matter at this broad mass range, of which the predictions of r and
ns are inside the 3-σ contour of Bicep/Keck+Planck joint data in our model as can be seen in
Fig. 4.
4 Conclusion
In this paper, we studied a model with R2-gravity plus a scalar field χ non-minimally coupled
to R. This is partly motivated by going beyond the R2-inflation, and partly by our interest
in the effect of a heavy field with a Starobinsky-like potential. We focused on the case when
the scalaron φ turns into a heavy field during inflation, and solved the evolution of the system
including its perturbation. In this case, inflation will be split into two different stages dominated
by the scalaron φ and the other field χ, respectively.
The main result is that there appears an enhancement of the curvature perturbation power
spectrum as well as an oscillatory feature. Unlike the usual case of a minimally coupled heavy
field, these features are not suppressed by slow-roll parameters. This implies it is difficult to
accommodate these features on the CMB scale since they are too large to be consistent with
observation. However, it is possible that the transition happens on scales beyond the current
Hubble scale, and only their “tails” affect the CMB scale. In this case, they may explain the
observed low-ℓ anomalies.
Another case is when the transition happens on very small scales. In this case, the enhance-
ment in the power spectrum may lead to the formation of primordial black holes which may
constitute a large fraction of or even the whole dark matter observed today. An interesting
outcome is that due to a narrow enhancement feature in the power spectrum, there appears a
sharp peak in the PBH mass spectrum. That is, PBH masses will be nearly monochromatic.
We found that for PBHs with mass ∼ 1022g, which can account for the whole dark matter
according to the recent analysis [49–51], the predicted ns is at the edge of the 3σ confidence
level contour of Keck/Bicep+Planck data, while the higher mass range, for instance for PBHs
of 10 ∼ 102 solar masses to account for those detected by LIGO [47,48], can not be realized in
our model because it can not give enough number of e-folds for the first stage of inflation.
Although the predicted ns is still within the 3σ contour, our model with PBHs as dark
matter may be excluded as soon as the contour shrinks slightly by improvements in the data
quality. It is therefore useful to consider modifications of the model to make it more compatible
with the CMB observations. This may be realized in models which predict ns larger than the
Planck observed value at 60 e-foldings. Then the best-fitted point in the (ns, r) plane can be
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Figure 5: The predictions from a corrected f(R) gravity defined in (4.1). We only depict
N1 = 34 to 39 which corresponds to the interesting PBH mass range MPBH = 10
19g to 1023 g,
for λ = 0 (Starobinsky model, gray line and dots), −2 × 10−5 (blue), and −5 × 10−5 (purple).
The larger dots are the reference point for ∆N1 = 60.
realized for smaller numbers of e-folds for the first stage, which leads to larger PBH masses.
An interesting possible modification is to consider a small R3 correction to the Starobinsky
model,
f(R) = R +
R2
6M2
+ λ
R3
3M4
. (4.1)
For a small and negative λ, it makes the potential slightly shallower and predicts larger ns
without changing the tensor-to-scalar ratio much. We depict in Fig. 5 the corresponding pre-
dictions for λ = 0, −2 × 10−5, and −5 × 10−5. We see that for an appropriate choice of the
cubic term, the range for e-folding numbers that correponds to the rencent discovered window
for PBH as dark matter fits the observation well.
In this paper we set an upper bound for the mass parameter µ of our model in order not
to give rise to a temporary halt of inflation between the two stages. There is no fundamental
reason, however, for avoiding such a case. We did not discuss this possibility just for simplicity.
We would like to leave it for future work. Also, in this paper we focused on the case where both
stages are driven by a flat potential with the standard kinetic term, apart from the non-trivial
field space metric. It may be interesting to extend our analysis to the case when the kinetic
term is highly non-trivial, or more generically to Horndeski gravity and beyond-Horndeski
gravity [53].
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A Endpoint of Inflation with Multiple Stages
In this appendix we count the e-folding number from the moment when a given comoving
wavelength exits the horizon to when it re-enters. This method was developed in [52], and has
some recent developments [54]. Here we will recast it with consideration of slow-roll corrections.
We suppose that the inflation consists of two different stages, each of which is slow-roll
inflation, with slow-roll parameters ǫ1(N) and ǫ2(N). We count the e-folding number forward
in time from the initial time ai when the comoving scale corresponding to the current Hubble
scale H0 exits the horizon. The Hubble parameter as a function of the e-folding number N is
expressed as
H1(N) = Hi exp
(
−
∫ N
Ni
ǫ1(N)dN
)
, (A.1)
H2(N) = Hi exp
(
−
∫ N∗
Ni
ǫ1(N)dN −
∫ N
N∗
ǫ2(N)dN
)
(A.2)
where Ni is the e-folding number at the moment when H = Hi, and N∗ is the transition time
between the two stages. From the above we find that at the end of inflation when N = Ne, the
Hubble parameter is
He = H2(Ne) = Hi exp
(
−
∫ N∗
Ni
ǫ1(N)dN −
∫ Ne
N∗
ǫ2(N)dN
)
. (A.3)
After inflation, it is followed by a (quadratic) oscillation stage where the effective equation
of state is the same as nonrelativistic matter. Let us suppose the oscillation lasts for ∆Nosi
e-foldings after which the universe is thermalized and is dominated by radiation, until z = 104
when matter becomes dominant.
Following the brief history above, we divided the given comoving wavenumber k by the
current Hubble scale,
k
a0H0
=
ak
a∗
a∗
ae
ae
ar
ar
a0
Hk
H0
, (A.4)
where ar is the scale factor at the end of reheating. See Fig. A for the relations between various
epochs and the corresponding Hubble scales. Using the e-folding numbers defined above, we
can write this as
ln
k
a0H0
= −∆N1 −∆N2 −∆Nosi + ln ar
a0
+ ln
Hk
H0
. (A.5)
∆N1 and ∆N2 are the e-folding numbers of the first and second stages of inflation, respectively.
We have defined ∆Nosi ≡ ln(ar/af) as the e-folding number of the oscillation stage after infla-
tion. The scale factor at the moment when the universe is thermalized, ar, can be calculated
by the entropy conservation till now:
grT
3
r a
3
r =
(
2 +
4
11
gν0
)
T 30 a
3
0, (A.6)
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where gr is the number of degrees of freedom at the moment when the universe is thermalized, g
ν
0
is the current degrees of freedom of neutrinos, and the factor 4/11 comes from the temperature
difference between neutrinos and photons after decoupling of the weak interaction. For 3
generations of neutrinos, we have gν0 = 21/4, which gives
ln
ar
a0
= ln
T0
ρ
1/4
r
+ ln
(
43
11gr
)1/3(
π2gr
30
)1/4
, (A.7)
where we have used the Stephan-Boltzmann law
ρr = gr
π2
30
T 4r (A.8)
to express the temperature of the universe when reheating completes in terms of the energy
density at that moment. The ρr in (A.7) can be expressed as
ln
ρe
ρr
= −3 ln ae
ar
= 3∆Nosi. (A.9)
Substitute (A.9) into (A.7), then back into (A.5), we have
∆N1 +∆N2 +
∆Nosi
4
− ln Hk
ρ
1/4
e
= ln
T0
H0
− ln k
a0H0
+ ln
(
43
11gr
)1/3(
π2gr
30
)1/4
. (A.10)
To estimate the last term on the l.h.s., we use the Friedmann equation at Ne, ρf = 3H
2
fM
2
Pl,
and also the expression for the tensor power spectrum
Ph = 2
π2
(
Hk
MPl
)2
= rPR. (A.11)
Then we can express ln(Hk/ρ
1/4
e ) as
ln
Hk
ρ
1/4
e
= − ln 31/4 + 1
2
ln
π√
2
(rPR)1/2 + ln H
1/2
k
H
1/2
e
. (A.12)
The last term can be estimated by the expression of H(N) we obtained in (A.2), which gives
ln
H
1/2
k
H
1/2
e
=
1
2
∫ N∗
Nk
ǫ1(N)dN +
1
2
∫ Ne
N∗
ǫ2(N)dN. (A.13)
Therefore we have the result,
∆N1 +∆N2 +
∆Nosi
4
− 1
2
∫ N∗
Nk
ǫ1(N)dN − 1
2
∫ Ne
N∗
ǫ2(N)dN (A.14)
= ln
T0
H0
− ln k
a0H0
+ ln
431/3π
111/31801/4
− 1
12
ln gr +
1
4
ln (rPR) .
≈ 60− 1
12
ln
gr
102
+
1
4
ln
r
0.01
≡ Ntot. (A.15)
In the last line we use the Planck 2015 observational data T0 = 2.73K, H0 = 67.8km/s/Mpc,
PR = 2.21 × 10−9 as well as the pivot scale k = 0.002Mpc−1, and calculate the pure number
Ntot. The dependence on gr and r are rather weak, and we can neglect them in the following
discussions on premordial black holes production. The schematic diagram of can be seen in
Fig.A.
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Figure A: Schematic diagram of H(N)−1 in the expansion history of our universe, taking into
account the two different stages of inflation. Ni is some reference point we start to count
e-folding numbers, N∗ is the transition of the two stages, Ne is the end of inflation, Nr is
the moment when the universe gets completely thermalized, and Ng is the moment when
the wavenumber which exits the horizon at N∗ re-enters the horizon. It is also the time for
primordial black holes formation if there is a peak in the power spectrum at k∗. The Green
curve to the left is H1(N)
−1 defined in (A.1), while the red line is H−1 at radiation-dominated
epoch, thus proportional to a2. The gray curves are the evolution of H−1 from N∗ to Ng, which
is irrelevant to the PBH mass if k∗ re-enters the horizon at radiation-dominated epoch.
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B Mass Formula for Primordial Black Holes
In this appendix we derive a formula for the mass of primordial black holes produced at a
given moment in the radiation dominated era in terms of a relevant number of e-folds during
inflation.
The idea of PBHs [40] as dark matter was studied in 1970s [41–43], and recent observa-
tional constraints, epecially the detection of gravitational waves from binary BH mergers by
LIGO/VIRGO, have inspired some more discussions [48]. In [45], the PBH mass is estimated
as
MPBH ≃ M
2
Pl
H∗
e2Nc , (B.1)
where H∗ is the Hubble parameter when the k∗-mode leaves the horizon during inflation, with
k∗ = a∗H∗ being the wavenumber at which the primordial power spectrum peaks, and Nc is the
e-folding number from the horizon exit to the end of inflation. This relation is derived under
the assumption that all the energy density has been converted to radiation right after inflation.
Below we extend it to the general case. Namely, we derive a formula that is independent of
reheating process after inflation.
Let us label the moment of horizon re-entry for the mode k∗ corresponding to the peak
in the power spectrum as ag. The PBH mass at formation is proportional to the total mass
inside the horizon at ag, i.e. MPBH = γMhorizon. Here γ is a numerical factor depending on
the collapse mechanism, and a reasonable estimation could be made for γ ∼ 0.2 to 0.4 [43,46].
Then the PBH mass at formation can be estimated by
MPBH = γ
π
6
ρg
(ag
k
)3
, (B.2)
where ρg can be connected to ρr, thus to ρosi, by
ρg = ρr
(
ar
ag
)4
= ρe
(
ae
ar
)3(
ar
ag
)4
. (B.3)
At the end of inflation, from the Friedmann equation, ρe = 3M
2
PlH
2
e , we can then use (A.2) to
get
ρe = 3M
2
PlH
2
e = 3M
2
PlH
2
∗ exp
(
−2
∫ e
∗
ǫ(N)dN
)
. (B.4)
Another relation can be found by calculating the ratio of the Hubble radius from a∗ to ag by
two different methods: one is to evaluates Hg from the evolution law of (A.2) during inflation,
H ∝ a−3/2 during the oscillatory stage, and H ∝ a−2 during the radiation dominated universe,
while the other is to simply use the relation a∗H∗ = agHg.
Equating these two ratios, we have
−
∫ e
∗
ǫ(N)dN − 3
2
∆Nosi − 2 ln ag
ar
= −∆N2 −∆Nosi − ln ag
ar
, (B.5)
which gives
ln
ag
ar
= ∆N2 −
∫ e
∗
ǫ(N)dN − ∆Nosi
2
. (B.6)
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Therefore we can substitute these relations back into (B.2) to get
MPBH = γ
M2Pl
H∗
exp
[
2
(
∆N2 +
∆Nosi
4
− 1
2
∫ e
∗
ǫ(N)dN
)]
. (B.7)
This is an extension of (B.1) which takes into account both the small time variation of the
Hubble parameter durin inflation and the existence of the oscillation stage after inflation. The
correction of ∆Nosi depends on the details, especially the temerature of reheating/preheating,
thus can be of order O(10) when the reheating temperature is low [54]. The corrections from
the slow-roll parameter may also be non-negligible. Since the slow-roll parameter does not
have to be much smaller than 1 on small scales, a value of ǫ . 1 may change the PBH mass
significantly.
Both ∆N2 and ∆Nosi depend on the physics on small scales and are difficult to estimate.
However, it is interesting to note that (B.7) can be written in the form that depends only on
the physics on large scales. To see this, we notice that the combination in the exponent can
be expressed in terms of similar quantities on large scales by the relation (A), which gives a
simpler version of (B.7),
MPBH ≃ M
2
Pl
H∗
exp
[
2
(
Ntot −∆N1 + 1
2
∫ ∆N1
0
ǫ(N)dN
)]
. (B.8)
where both the total number of e-folds Ntot and the integral are counted from the same initial
moment N = Ni.
Actually the fact that the formula is independent of the small scale physics is very general.
It is completely independent of the evolutionary behavior of the universe during the period from
the epoch N = N∗ to the PBH formation epoch as long as the universe has become radiation
dominated by that time. This can be seen from Fig. A. For the pivot scale 0.002 Mpc−1, we
have Ntot ∼ 60 as shown in Appendix A. The only fact to be kept in mind is that it is derived
under the assumption of radiation dominance when the wavenumber k∗ re-enters the horizon.
If k∗ re-enters in the earlier oscillation stage before the universe is thermalized, we should turn
to a modified formula MPBH = γ(M
2
Pl/H∗)e
3∆N2 , where ∆N2 < ∆Nosi/2. In this case, the
details of reheating inevitably will enter, in addition to the fact that the coefficient γ may not
be uniquely defined [45, 55].
In our model, the PBH mass depends only on the e-folding number and the slow-roll pa-
rameter at the first stage. For simplicity we can borrow the result from pure R2-inflation,
ǫ1 ≃ 12
(4N1 + 3)2
, η1 ≃ 16(2N1 + 3)
(4N1 + 3)2
, (B.9)
to obtain
MPBH ≃ γM
2
Pl
Hk
e
2
(
Ntot−∆N1+
1/2
1+3/(4∆N1)
)
(B.10)
Conversely for a given PBH mass, the corresponding e-folding number of the first stage is
expressed as
∆N1 ≃ 41− 1
2
ln
(
MPBH
1016 g
)
+
1
2
lnµ. (B.11)
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The PBHs lighter than 1016 g has already evaporated by today. For a given µ, we can use this
relation to estimate the e-folding number from the horizon exit of the pivot scale to the end of
the first stage as a function of the PBH mass. For instance, for µ = 8, in the possible window
of the PBH mass as dark matter, we find MPBH = 10
16 ∼ 1017g, 1019 ∼ 1023g, and 1 ∼ 103M⊙,
correspond to ∆N1 = 41 ∼ 42, 34 ∼ 39, and 19 ∼ 22, respectively.
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